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Abstract 

It is shown that the theory of real symmetric second-order elliptic oper- 
ators in divergence form on H d can be formulated in terms of a regular 
strongly local Dirichlet form irregardless of the order of degeneracy. 
The behaviour of the corresponding evolution semigroup St can be de- 
scribed in terms of a function (A, B) \— > d(A ; B) G [0, oo] over pairs of 
measurable subsets of R d . Then 

\(<PA,S t cp B )\ < e<^^- l \\<p A U<p B \\ 2 

for all t > and all (p A G L 2 (A), ip B G L 2 (B). Moreover S t L 2 (A) C 
L 2 (A) for all t > if and only if d(A ; A c ) = oo where A c denotes the 
complement of A. 
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1 Introduction 



The usual starting point for the analysis of second-order divergence-form elliptic operators 
with measurable coefficients is the precise definition of the operator by quadratic form 
techniques. Let c^- = Cji G L 00 (R c( :R), the real- valued bounded measurable functions on 
R d , and assume that the d x (i-matrix C = (c^-) is positive-definite almost-everywhere. 
Then define the quadratic form h by 



where <9j = d/dxi and if G D(h) = W 1,2 (R ). It follows that h is positive and the 
corresponding sesquilinear form h(- , •) is symmetric. Therefore if h is closed there is a 
canonical construction which gives a unique positive self-adjoint operator H such that 
D(h) = D(H 1 ' 2 ), h(<p) = II-H^VI!! for all (p G D(h) and h(i/),(p) = (ip,H<p) if ^ G D(h) 
and ip G D(H). Here and in the sequel || ■ \\ p denotes the L p -norm. Formally one has 



The critical point in the form approach is that h must be closed. But h is closed if and 
only if there is a \x > such that C > \xl (see, for example, ERZJ, Proposition 2), i.e., 
if and only if the operator H is strongly elliptic. Therefore the construction of H is not 
directly applicable to degenerate elliptic operators. Nevertheless refinements of the theory 
of quadratic forms allow a precise definition of the elliptic operator. There are two distinct 
cases. 

First, it is possible that h is closable on W l,2 (R d ). Then one can repeat the previous 
construction to obtain the self-adjoint elliptic operator associated with the closure h of h. 
For example, let Q be an open subset of R d with \dfl\ = 0. Suppose suppC = Q and 
C(x) > \lI > uniformly for all x G Q. Then h is closable. Indeed the restriction 
of h to W /1,2 (f2) is closed as a form on the subspace L 2 {Q) and the corresponding self- 
adjoint operator Hq can be interpreted as the strongly elliptic operator with coefficients 
C acting on L 2 (fi) with Neumann boundary conditions. Then the form corresponding to 
the operator © on L 2 (R d ), where acts on the subspace L 2 (fi), is the closure of h. 

Secondly, it is possible that h is not closable. There are many sufficient conditions for 
closability of the form ((TJ) (see, for example, TOT). Section 3.1, or [MaRj, Chapter II) 
and if d = 1 then necessary and sufficient conditions are given by [PT )Tj. Theorem 3.1.6. 
The latter conditions restrict the possible degeneracy. But Simon |Sim3j . Theorems 2.1 
and 2.2, has shown that a general positive quadratic form h can be decomposed as a sum 
h = h r + h s of two positive forms with D(h r ) = D(h) = D(h s ) with h r the largest closable 
form majorized by h. Simon refers to h r as the regular part of h. Then one can construct 
the operator H associated with the closure h = h r of the regular part of h. Note that if 
h is closed then ho = h and if h is closable then ho = h so in both cases Ho coincides with 
the previously defined elliptic operator. Therefore this method can be considered as the 
generic method of defining the operator associated with the form ((TJ). 

There is an alternative method of constructing Hq which demonstrates more clearly its 
relationship with the formal definition of the elliptic operator. Introduce the form I by 
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D(l) = D(h) = W rl ' 2 (R d ) and 



i=i 

Then I is closed and the corresponding positive self-adjoint operator is the usual Laplacian 
A. Furthermore for each e > the form h e = h + el with domain D(h e ) = D{h) is 
closed. The corresponding positive self-adjoint operators H £ are strongly elliptic operators 
with coefficients c^- + eS^j. These operators form a decreasing sequence which, by a result 
of Kato |Kat j . Theorem VIII. 3. 11, converges in the strong resolvent sense to a positive 
self-adjoint operator. The limit is the operator H Q associated with the form ho by |Sim3j . 
Theorem 3.2. The latter method of construction of Ho as a limit of the H £ was used in 
|ERZj and |ERSZj and motivated the terminology viscosity operator for Ho and viscosity 
form for ho. The form h r constructed by Simon also occurs in the context of nonlinear 
phenomena and discontinuous media and is variously described as the regularization or 
relaxation of h (see, for example, |Braj |EkTj [Jos] [Dal] [Mosj and references therein). 

Although the viscosity form provides a basis for the analysis of degenerate elliptic oper- 
ators its indirect definition makes it difficult to deduce even the most straightforward prop- 
erties. Simon, [Sim2j Theorem 2, proved that D(ho) consists of those ip G L 2 (R d ) for which 



there is a sequence ip n G D(h) such that lim^oo ip n = <p in L 2 and liminf^oo h(tp n ) < oo. 
Moreover, ho(ip) equals the minimum of all liminf^oo h(<p n ), where the minimum is taken 
over all <pi,<f2, . . . G D{h) such that lim^oo^ = ip in L 2 . (See [Sim2j . Theorem 3.) It 
was observed in [ERZj that this characterization allows one to deduce that ho is a Dirichlet 
form. The first purpose of this note is to use the theory of Dirichlet forms (see [FUTj [BoHj 
for background material) to strengthen the earlier conclusion. Specifically we establish the 
following result in Section [21 

Theorem 1.1 The viscosity form h is a regular local Dirichlet form. 

The regularity is straightforward but the locality is not so evident and requires some 
control of the dissipativity of the semigroup generated by the viscosity operator Hq. 
Note that we adopt the terminology of [BoHj which differs from that of [FUTj . Locality 
in [BoHj corresponds to strong locality in [FUTj if the form is regular. (See [Schj for a 
detailed study of the different forms of locality (in the sense of [FUTj ).) 

Uur second purpose is to extend earlier results on L 2 off-diagonal bounds for the semi- 
group generated by the viscosity operator Hq. These bounds, which are also referred 
to as Davies-Gaffney estimates, integrated Gaussian estimates or an integrated maximum 
principle (see, for example, [Ausj [GGTj [Dav2j [Grij [Stulj [Stu2j ). give upper bounds on 
the cross-norm \\S^ \\a-*b of the semigroup between subspaces L 2 (A) and L 2 (B) of 
the form 

\\Sf ) \\ A -,B<e- d ^ B ^- 1 (2) 

where d(A ; B) is an appropriate measure of distance between the subsets A and B of R d . 
In the case of strongly elliptic operators there is an essentially unique distance, variously 
referred to as the Riemannian distance, the intrinsic distance or the control distance, 
suited to the problem. But for degenerate elliptic operators, which exhibit phenomena of 
separation and isolation ERSZ], the Riemannian distance is not necessarily appropriate. 

We will establish estimates in terms of a set-theoretic function which is not strictly 
a distance since it can take the value infinity. The function is defined by a version of a 
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standard variational principle which has been used widely in the analysis of strongly elliptic 
operators and which was extended to the general theory of Dirichlet forms by Biroli and 
Mosco BiMl BiM2 . In the case of strongly elliptic operators or subelliptic operators 



with smooth coefficients this method gives a distance equivalent to the Riemannian distance 
obtained by path methods (see, for example, jJeSlj . Section 3). In the degenerate situation 
we make a choice of the set of variational functions which gives a distance compatible with 
the separation properties. In particular d{A ; A c ) = oo if and only if S^L 2 {A) C L 2 {A), 
where A c is the complement of A. Our choice is aimed to maximize the distance and 
thereby optimize the bounds (J2J). We carry out the analysis in a general setting of local 
Dirichlet forms which is applicable to degenerate elliptic operators defined as above but 
has a wider range of applicability. 

Let X be a topological Hausdorff space equipped with a a-finite Borel measure /i. 
Further let £ be a local Dirichlet form on L 2 {X) in the sense of [BoH . First, for all 
i) G D(S)f]L 00 (X:R) define 2^ } : D{£) n L^X-.R) -> R by 

xf {f) = £{^f,^)-2- 1 £{^,f) . 

If no confusion is possible we drop the suffix and write T^yf) = {(f). If <f > it 
follows that ip i — > Ij/j{f) G R is a Markovian form with domain D{£) fl L^X : R) (see 
BoHj, Proposition 1.4.1.1). This form is referred to as the truncated form by Roth [Rot , 
Theorem 5. 

Secondly, define D{£)\ oc as the vector space of (equivalent classes of) all measurable 
functions ip: X — > C such that for every compact subset K of X there is a ip G D{£) with 
iP\k = "4>\k- Since £ is local one can define zi = X^: D{£) fl Loo )C (X:R) — > R by 

%W) = 

for all ip G D{£) loc nL oc (X:R) and <p G D{£) n L^ C {X :R) where $ G D{£) n L^X-.R) 
is such that ip\ suppip = ^| SU p P</ ,. Here L^^X :R) = {(f G L^X-.R) : suppy? is compact} 
and (supp f) c is the union of all open subsets U C X such that cp\u = almost everywhere. 
Thirdly, for all ^ G £>(£)ioc n Loo(X:R) define 

III^IH = sup{|2^(y?)| : (f G D{£) n Loo, c (^ : R) , |M|i < 1} G [0, oo] . 

Fourthly, for all ^ G Loo(X:R) and measurable sets A,B C X introduce 

d^{A ; 5) = sup{M G R : ip{a) - ip{b) > M for a.e. a <E A and a.e. b <E B} 
= essinf ip{x) — ess sup ip{y) G (— oo, oo] . 

(Recall that esssup yeB ip{y) = inf{m G R : \{y G B : ^(y) > m }\ = 0} G [—00,00) and 
essinf :ceJ 4-?/'(x) = — esssup^g^ — ip{x).) Finally define the set theoretic distance 

d{A ■ B) = d {£) {A ■ B) = sup{^(A ; B) : i/j G D {£)} , 

where 

D {£) = {V> G J D(f) loc nL 00 (X:R) : |||J^||| < 1} . 
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A similar definition was given by Hino and Ramirez [HiRj, but since they consider proba- 
bility spaces the introduction of D(S)\ oc is unnecessary in (HiRj . If, however, we were to 
replace D(£)\ oc by D(£) in the definition of d(A;B) then, since ip G L 2 (X), one would 
obtain d^(A ; B) < for all measurable sets A,BcX with \A\ = \B\ = oo and this would 
give d(A ; B) — 0. On the other hand the definition with D(£)\ oc is not useful unless D(£) 
contains sufficient bounded functions of compact support. 

Theorem 1.2 Let £ be a local Dirichlet form on L 2 (X) with 1 G D(£)\ oc and such that 
D(£) fl Lqo C (X) is a core for £. Further let d(- ; ■) denote the corresponding set-theoretic 
distance. If S denotes the semigroup generated by the self-adjoint operator H on L 2 (X) 
associated with £ and if A and B are measurable subsets of X then 

\(<PA,St<p B )\ <e- d(A;B)2(4 * rl |kA||2||^||2 
for all ip a £ L 2 (A), ^6 L 2 (B) and t > with the convention e~°° = 0. 

This applies in particular to the viscosity operator Hq. One has D{1) = D(h) C D(ho). 
Hence 1 G D(Z)ioc Q D(h )i oc . 

Theorem 1 1 . 21 will be proved in Sectional 

If h is closed, i.e., if the corresponding operator is strongly elliptic, then d^ h '(-;-) is 
finite- valued. Nevertheless for degenerate operators one can have d^ h '(A;B) = oo with 
A, B non-empty open subsets of R d and the action of the semigroup can be non- 
ergodic jKHS/j . 

Specifically we establish the following result in Section |U 

Theorem 1.3 Let £ be a local Dirichlet form on L 2 (X) with 1 G D(£)\ oc and such that 
D{£) fl Loo )C (X) is a core for £ . Further let d{- ; ■) denote the corresponding set-theoretic 
distance. If S denotes the semigroup generated by the self-adjoint operator H on L 2 (X) 
associated with £ and A C X is measurable then the following conditions are equivalent. 

I. S t L 2 (A) C L 2 (A) for one t > 0. 

II. S t L 2 (A) C L 2 (A) for all t > 0. 

III. d(A;A c ) = oo. 

IV. d(A;A c )>0. 

We conclude by deriving alternate characterizations of the distance and deriving some 
of its general properties in Section El 

2 Dirichlet forms 

In this section we prove that the form ho defined in the introduction is a regular strongly 
local Dirichlet form. First we recall the basic definitions. 

A Dirichlet form £ on L 2 (X) is called regular if there is a subset of D{£) fl C C (X) 
which is a core of £, i.e., which is dense in D(£) with respect to the natural norm ip i— > 
(£((f) + IMIi) 1 ^ 2 ) an d which is also dense in Cq(X) with respect to the supremum norm. 
There are three kinds of locality for Dirichlet forms [BoH| jFO "Tj . For locality we choose the 
definition of BoHj. A Dirichlet form £ is called local if £{if>, ip) = for all (p,ip G D(£) and 
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a G R such that (ip + al)ip = 0. Alternatively, the Dirichlet form £ is called [FOTJ-Iocal if 
£(if), ip) = for all ip,ip £ D(£) with supp <p and supp if) compact and supp ip fl supp if) = 0. 
Moreover, it is called [FOTJ -strongly local if £(ip, ip) = for all (p,if) € D(£) with supp 99 
and supp if) compact and if) constant on a neighbourhood of supp <p. Every |FOTj -stronglv 
local Dirichlet form is |FOT| -local and if X satisfies the second axiom of countability then 
every local Dirichlet form (in the sense of [BoH]) is jFOT] -strongly local. If X is a locally 
compact separable metric space and fi is a Radon measure such that supp /i = X, then 
a regular jFOT] -strongly local Dirichlet form is local (in the sense of [BoH ) by [BoH 
Remark 1.5.1.5 and Proposition 1.5.1.3 (Lq) =^> (L2). 

Lemma 2.1 The form ho is regular. Moreover, every core for the form I of the Laplacian 
is a core for h . 

Proof Let h r be the regular part of h as in |Sim3j . Then D(h r ) = D(h) and ho is the 
closure of h r by definition. So D{1) = D{h) = D{h T ) is a core for ho. Since h < h < \\C\\ I, 
where ||C|| denotes the essential supremum of the matrix norms ||C(x)||, it follows that 
any core for I is also a core for ho- 

Finally, since C c °°(R d ) C W 1 ' 2 ^) = D(h) C D(h ) the set C™(R d ) C D(h ) nC c (R d ) 
is a core of h and is dense in (^(R^). □ 

Next we examine the locality properties. 
Proposition 2.2 The form ho is local. 



Proof First note that the [FOTJ-Iocality of h is an easy consequence of Lemma 3.5 
in |ERSZj . Fix ip,if> G D(h ) with suppy? fl supp-?/* = 0. If D is the Euclidean distance 
between the support of ip and the support of if) then 

MV,¥>)| = hmr^SfV)! < lim^e-^^^ll^bll^lb = 

where we have used (if),f) = and the statement of |ERSZj . Lemma 3.5. The proof 
of jFUTj-strong locality is similar but depends on the estimates derived in the proof of 
Lemma 3.5. 

Fix ip, if) G D{ho) with supp tp and supp?/' compact and if) = 1 on a neighbourhood U 
of supp ip. It suffices, by the remark preceding Lemma ETT1 to prove that h (ip, ip) = 0. We 
may assume the support of if) is contained in the Euclidean ball Br centred at the origin 
and with radius R > 0. Set \R — ^b r - Since SjPh = 1, by Proposition 3.6 of jERSZj . one 

has {if),ip) = (1, (p) = (t,Sttp). Therefore 

r\if), (/ - si 0) )ip) = r\{ XR - if)), si 0) ip) - r\( XR - 1), s t (0 V) • (3) 

Now let D denote the Euclidean distance from supp ip to U c . It follows by assumption that 
D > 0. Then by Lemma 3.5 of [ERSZJ there is a c > such that 

t-'KixR - s t (0 V)l < rV 02 W)- 1 \\ XR - ti,\\ 2 \\<ph < cR^r^ 2 ^- 1 (4) 

uniformly for all large R and all t > 0. The factor R d l 2 comes from the L2-norm of xr- 
Alternatively the estimate used in the proof of Proposition 3.6 in ERSZ establishes that 
there are a, b > such that 



\((±- X R),Si°\)\<aJ2n d/2 R d/2 e 



H 2 



n=2 
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uniformly for all R, t > such that supp tp C B 2 -ir. Next there is a d > such that 
^^L 2 n e_an < c ' ai~^ +2 )/ 4 e~ a uniformly for all a > 0. Hence there is a c" > such 
that 

^((l-Xi^SfV)! <d'RrHW 4 >e- h * irl . 

Combining this with (J3J) and (@J) one has 

r 1 )^, (J - sf < cRVH-h- ^™- 1 + d' R-H^' A e- bR2t - 1 

for all large R and all t > 0. Taking the limit t — > establishes that ho(ip,<p) = 0. Since 
ho is regular it follows that ho is local. □ 



3 L2 off-diagonal bounds 

In this section we prove the L 2 off-diagonal bounds of Theorem 11.21 Initially we assume 
that £ is a local Dirichlet form on L 2 (X) without assuming any kind of regularity. The 
proof of the theorem follows by standard reasoning based on an exponential perturbation 
technique used by Gaffney |Gafj and subsequently developed by Davies |Davlj in the proof 
of pointwise Gaussian bounds. It is essential to establish that the perturbation of the 
Dirichlet form is quadratic. But this is a general consequence of locality. To exploit the 
latter property we use a result of Andersson |Andj and |Rotj . 



Proposition 3.1 LetS be a local Dirichlet form on L 2 (X) and ip 1, . . . , </? n G D(£)r\L 00 (X : 

y 



R). Then for all i,j G {1, . . . , n} there exists a unique real Radon measure af' lr 1 



.(jPl>~,V») Qn R n such that ^(Jl, -,*>») = a &U-,Vn) j Qr M .j 6 ;n } md 

n r Wf fic 

S(F ( Vu ...,<p n ), G Q (<Pi, • • • , ip n )) = X) J Kn ^ ^- (5) 

/or all F,G e G^R") w/iere F = F - F(0) and G = G - G(0). lei AT 6e a compact 
subset 0/ R n such that (ipi(x), . . . ,ip n (x)) G if /or a.e. x G X. T/ien supp cr|j 3l, '"' ¥ ' n ' > C if 

/or a// z,j G {1, . . . ,n}. In particular, if i G {1, . . . , n} i/ien /inzte (positive) 

measure. 

Moreover, if J 7 is a second local Dirichlet form with £ < T then 

daf^-^ X < J daf'^-^x (6) 

for all tpi, . . . , (p n G D(F) n L^AiR), z G {1, . . . ,n} and x e G c (R d ) wift x > 0. 

Proof Theorem 1.5.2.1 of [BoH , which elaborates a result of Andersson |Andj . establishes 
that there exist unique real Radon measures crjj 1 '"' ,Vn ^ such that (j^ 1 '"'^ = a^f 1 ''"'^ for 
all i, j G {1, . . . , n} and © is valid for all F, G G G^R *). Moreover, ^. =1 £ & 
is a (positive) measure for all £ G R™. Let £ G R" and x £ G^(R n ). For all A > define 
F x G G^(R n ) by F x (x) = e iXx <x(x). Then it follows from © that 

lim X- 2 £(F x> o(c Pl ,..., ( p n ))^ [ f2^^ d 4 m '''' ,tPn) \x\ 2 ■ (7) 

A— >oo / *- — ' 



So if suppx C K c then the left hand side of (JJJ) vanishes. Hence supp ajf 1 ' '"'^ C K. Bnt 



then (j2J) extends to all F,G 6 C 1 (R"). Moreover the measure <j£i-<-~,<Pn) - IS g n j^ e f or a n 
i G {1, . . . , n} since a^ 1 '"' is regular. 

Finally, if T is a second local Dirichlet form with £ < T then it follows from (|7|). 
applied to £ and J 7 , that 



/n „ n 

Lj=l J i,j=l 



ij I A I 



for all x G Ci(R n ) an d £ e R n - Setting £ = gives (0) by a density argument. □ 

Now we are prepared to prove the essential perturbation result for elements in D{£ ) n 
Loo(X : R). 

Proposition 3.2 If £ is a local Dirichlet form then 

£(^ V )-£(e-\,e^)=lf\ V 2 ) 

for all ip,ip G -D(£) H Loo(X : R). Moreover, if J 7 is a second local Dirichlet form with 
£ < J 7 then 

/or oZZ <£>,V e DfT) n Loo^rR) witfi <p > 0. 
Proof Observe that 

£(<p, if) - £(e-*<p, e*<p) = -£((e^ - l)<p, (e* - %) 

-£((e-*-l)<p,<p)-£{<p, {e+-l)<p) . 

Now we can apply Proposition 13.11 with n = 2 to each term on the right hand side. 
First, one has 

-£((e-+-l)<p,(e*-l)<p) = J da^f\x u x 2 )xl 

+ J da^\x u x 2 ) (e~ x '(e Xl - l)-e Xl (e~ Xl - l))x 2 
- Jda^\x 1 ,x 2 )(e^-l)(e^-l) . 

Secondly, 

-£((e-*-l)<p,<p)-e(<p,(e1'-l)<p) = J da^\x u x 2 )(e-^-e^)x 2 

~ J d4^\x u x 2 ) ((e-** - 1) + (e* 1 - 1)) . 

Therefore, by addition, 

£(<p,<p)-e(e-*<p,e*<p)= [da[^\x u x 2 )x 2 2 . 



Thirdly, two more applications of Proposition 13.11 give 

£(ipLp 2 ,ip) = J dai^ p \xi,x 2 )x\ + 2 J da^f\xi, x 2 ) x\X 2 

and 



2~ 1 £(V> 2 ,</) = 2 J da[ 
Therefore, by subtraction, 



^' f \xi,X2) Xi X 2 



X^ 2 ) = £(V,V>) - <l~ x £{^ 2 ^ 2 ) = J da { ;f\x 1 ,x 2 )x\ 

which gives the identity in the proposition. 

Finally suppose <p > 0. Then one calculates similarly that 

2^0) = / da ( ^f\x 1 ,x 2 ) x 2 . 

But supp C [— Halloo, Halloo] x [0, || 1| oo] by Proposition 13.11 Hence 

T^)= [ da?l' p \x 1 ,x 2 )(x 2 V 0) . 



Then the inequality follows immediately from the last part of Proposition 13.11 □ 
The following lemma is useful. 

Lemma 3.3 Let £ be a local Dirichlet form. 

I. Ifip u il} 2 ,(p G D(£) n Loo(X:R) with <p > then 

t^ 2 (v) 1/2 <^Av) 1/2 + ^M l/2 ■ 

II. Ifx,i>,<P e D{£) nLoo(X:R) then 

\i x ^)\ 1/2 <^4x 2 W /2 + ^ 2 W /2 ■ 

Proof For all ^fe^ D{£) n L^X-.R) set 

^l^aCv) = 2_1 ^(V ; i v 9 , ^2) + 2 _1 £(^2y?,V ; i) - 2 _1 £:(^i^2,v 5 ) • 

Then 



((^1,^1), (^2,^2)) 2^1,^, (Vi ^2) 



is a positive symmetric bilinear form on (D(£) flL 00 (X:R)) 2 by |BoHj Proposition 1.4.1.1. 
Hence Statement follows by the corresponding norm triangle inequality applied to the 
vectors (/0i, y? 1//2 ) and (?/> 2 , y? 1 / 2 ). 

It follows as in the proof of Proposition 13.21 that the bilinear form satisfies the Leibniz 
rule 
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for all ipi, ip2, ip3, <P D(£) fl Loo(X:R). But the Cauchy-Schwarz inequality states that 

\if U i, 2 ((pi (pz) I < %^ {<pi) 1/2 2^ {<pl) 1/2 

for all ijj l ,i) 2 ,'Pi,(p2&D(S)nL 00 (X:R). Now let x,Tp,<P £ D(£) n L^X-.R). Then 

<(^(x 2 M) 1/2 +x x (^ 2 M) 1/2 

and Statement |H] follows. □ 

We assume from now on in this and the next section that the Dirichlet form £ is local, 
1 G D(£)\ oc and D(£) fl Loo iC (X) is a core for £. These assumptions are valid if X is a 
locally compact separable metric space and \x is a Radon measure such that supp \x = X, 
the Dirichlet form is regular and (FOTj -stronglv local. 



Lemma 3.4 If ip G D(£) and ip G D(£)i oc fl L 00 (X:R) with \ \ \ \ < 00 then ip ip G D(£) 
and 

^(^^) i/2 <iii^iir /2 ii^ii 2 +ii^iioo^M i/2 . 

Proof First assume that ip G D(£) fl Loo jC (X : R). Since 1 G D(£)\ oc there exists 
a % G -D(£) H Loo(X : R) such that < x < 1 and x|su PPV = 1- Moreover, there is 
a ip G -D(£) such that ^Isupp^ = V'lsupp^- We may assume that ip G L^X : R) and 
Halloo < 1 1 ip I |oo- Then it follows from locality and Lemma 13.31111 that 

< W *) 1/2 + x ^ 2 x) 1 ' 2 = %^ 2 x) 112 + x ^ 2 x) 1 ' 2 
<j^ 2 )^ + ||^ 2 x|^ . 

Now let ip G D{£). There exists a sequence y?i,y? 2 , • • • G D(£) fl L^^X : R) such that 
lim^oo \\<p - tp n \\ 2 = and lim^-^ £(<p - <p n ) = 0. Then lim^oo ip <p n = ip<p in L 2 (X). 
Moreover, it follows from the above estimates that n ^ ip (p n is a Cauchy sequence in D(£). 
Since £ is closed one deduces that ip p G -D(£) and the lemma is established. □ 

Corollary 3.5 If (p G -D(£) and r/> G D(£)\ oc fl Loo(X:R) wift |||X^||| < 00 then e^<p G 
D(£) and 

£(eV) 1/2 < eW- (iHZ^III 1 / 2 ||^|| 2 + ^) 1 / 2 ) . 
Proof It follows by induction from Lemma [3.41 that 

£(r^ 1/2 < niiMi 1/2 ihist 1 \\<p\u + iMiiW 2 

for all n G N, <p G £>(£) and V G L>(£)ioc n ^(XiR) with |||J^||| < 00. Since £(t) 1 / 2 = 
||# 1/2 t|| 2 for all r G D(£) = D(H 1 ' 2 ) and H 1 ' 2 is self-adjoint it follows that e*<p G D(£) 
and 

00 

£(eV) 1/2 < j>- 1 (n||fo||| 1 ' 2 |M| 2 + ||V||^) 1/2 ) 

n=Q 

= c IW| -(|||^IH 1/2 ||¥»|| a + ^) 1/a ) 
as required. □ 
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Lemma 3.6 If ip G D{£)\ oc fl L^X :R) with |||X^||| < oo then 

-£(e-*<p,e*cp) < Ml (8) 

for all Lp G £>(£). 

Proof It follows by definition together with Proposition 13.21 that 

X^ 2 ) = gfofy, 0) - 2^(^ 2 , 2 ) = - 5(e" V efy) 

for all (p,i/>e D{£) n Loo(X:R). Therefore 

-£(e~V e^) = -£ { V ) + X^ 2 ) < X^ 2 ) 

and © is valid for all ip G £>(£)i oc n L^X : R) and y? G £>(£) n Loo,c(^ : R). But if 
■0 G D(£)\ oc fl Ivoo(X : R) with |||X^||| < oo then the maps ip i— > e^<y9 and </? h- > e~^y9 are 
continuous from !?(£) into D(£) by Corollary 13.51 Moreover, D{£) fl Loo )C (X) is dense in 
D(£). Hence the bounds © extend to all <p G £>(£) and ^ G D(£)y oc H Loo(X : R) with 
|||X^||| < oo. □ 

Next for all ip G Loo(X) define the multiplication operator M^: L 2 (X) — > L 2 (X) by 

M^ip = eV 

Proposition 3.7 If ip G D(£) nLoo(X:R) and |||X^||| < oo then 
for all t > 0. 

Proof Let t > 0. It follows from Lemma 13^61 that 



He^^H 2 - ||e v V|| 2 = -2 / ds£(S s <p,e 2lp S s <p) <2 / |||X^||| ||e^ s ^||^ 

Jo io 

for all <y9 G L 2 (X). Then it follows from Gronwall's lemma that 

\\e^S tV \\ 2 < elll J *IH*||eV|| 2 

for all t > 0. □ 

Since ^ i— > T^(ip) is a quadratic form one has |||X P ^||| = p 2 |||X/,||| for all p G R. It is 
now easy to complete the proof of the second theorem. 

Proof of Theorem EH Let ip G Dq{£). Then 1 1 \% \ \ \ < 1 and 

\(<PA,S t <p B )\ < \\e-^<p A \\ 2 \\M^S t M;j\\ 2 ^ 2 \\e^ip B \\ 2 

< e ll^||| te -^(A;B) ||^|| 2 ||^|| 2 < ^ e -^fl) ||^|| 2 ||^|| 2 

for all p > 0. Minimizing over ip gives 

for all p > 0. If = oo then (<pA,St<pB) = and the theorem follows. Finally, if 

d(A;B) < oo choose p = (2t)- 1 d(A ; B) . □ 

One immediate corollary of the theorem is that the corresponding wave equation has a 
finite speed of propagation by the reasoning of SikJ . 
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Corollary 3.8 Let H be the positive self- adjoint operator associated with a local Dirichlet 
form £ on L 2 (X) such that 1 G D(E)\ oc and D(£) D L 00fi {X') is a core for £. If A, B are 
measurable subsets of X then 

(<^, cos(t# 1/2 )y? B ) = 
for alltpA G L 2 (A), (f B G L 2 (B) and t G [-d(A ; B), d(A ; B)}. 

Proof This follows immediately from Theorem n~2"l and Lemma 3.3 of [ERSZj . □ 

We have already remarked in the introduction that Theorem 11.21 applies directly to the 
second-order viscosity operators. Alternatively one may deduce off-diagonal bounds for 
operators on open subsets of R d satisfying Dirichlet or Neumann boundary conditions. As 
an illustration consider the Laplacian. 

Example 3.9 Let X be an open subset of R d . Define £ on L 2 (X) by D(£) = W 1,2 (X) 
and £((f) = ||Vyj|||. In particular D{£) is the closure of C£°(X) with respect to the 
norm ip i— > {\\V(f\\l + y\\ 2 2 ) 1/2 - It follows that £ is a regular local Dirichlet form and 
the assumptions of Theorem 11.21 are satisfied. Therefore Theorem 11.21 gives off-diagonal 
bounds. The self-adjoint operator corresponding to £ is the Dirichlet Laplacian on L 2 (X). 

Example 3.10 Let Q be an open subset of R d with \dfl\ = 0. Set X = f2. Define the form 
£ on L 2 (X) = L 2 (tt) by D(£) = W l > 2 {tt) and £(<p) = ||V^|||. Then £ is a local Dirichlet 
form. Fix r G C^°(R d ) with < r < 1 and r| Be ( 0; i) = 1, where B e (0 ; 1) is the Euclidean 
unit ball. For all n G N define r n G C c °°(R d ) by r n (x) = r(n _1 ir). Then r n \ n G D{£) for 
all n G N and therefore 1 G D(£) loc . The space D(^) n L^X) is dense in by [FTTTj 
Theorem 1.4.2.(iii). If <p G D(5) n Loo(A) then lim,,^ T n \ n ip = ip in W 1 ' 2 ^) = 
But for all n G N the support of the function r n \nip, viewed as an almost everywhere 
defined function on X, is closed in X, and therefore also closed in R d . Hence this support 
is compact in R d and then also compact in X. So r n |^ <fi G D(£) D //^^(A) and the space 
D(£) fl Loo C (A) is dense in D(£). Therefore Theorem 11.21 gives off-diagonal bounds. The 
self-adjoint operator corresponding to £ is the Neumann Laplacian on L 2 (Q). 

Note that we do not assume that fl has the segment property. In general the Dirichlet 
form £ is not regular on A. 

4 Separation 

In this section we give the proof of Theorem ll.31 In ERSZ we established that for degener- 
ate elliptic operators phenomena of separation can occur. In particular the corresponding 
semigroup S is reducible, i.e., it has non-trivial invariant subspaces. The theorem shows 
that such subspaces can be characterized by the set-theoretic distance d(- ; •). 

For the proof of the implication HbJTTlin Theorem II .31 we need a variation of an argument 
used to prove Theorem XIII. 44 in | R eS]j (see also Siml ). The essence of the argument is 
contained in the following lemma. 

Lemma 4.1 Let A,B be measurable subsets of X with finite measure. If (SttA, 1_b) = 
for one t > then (S t ±A, 1b) = for all t>0. 
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Proof Set P = {t G (0, oo) : (S t t A , t B ) > 0}. Let t G P and r > 0. Since (S t ± A , t B ) > 
it follows that the product (S t lA) • (Is) is not identically zero. Let <p = S t lA A 1 B . Then 
V 7^ 0. Moreover, 

(Si+riA, Is) = (S T (5 t l A ),l B ) > = \\S T /2(p\\l > 

because S is Markovian. Thus t + r G P and [i, oo) c P for all t G P. 

Set iV = (0, oo)\P = {t E (0, oo) : (S«1 A , t B ) = 0}. If JV ^ then there is an a > 
such that (0, a) C N. But the map z i— > (iS^l^, 1b) is analytic in the open right half-plane. 
Hence if A^ then (S\1a, ± b ) = for all t G (0, oo). □ 

Before we prove Theorem ll.3l we need one more lemma. Recall that we assume through- 
out this section that the Dirichlet form £ is local, 1 G D(£)\ oc and D(£) nL 00jC (X) is a core 
for £. A normal contraction on R is a function F: R — > R such that |P(x) — P(y)| < |x — y| 
for all x, n G R and P(0) = 0. 

Lemma 4.2 

I. J/ V G D(£) loc HL^X: R) and A G R then i/j + A 1 G D(£ )i oc n £oo(A: : R) and 

= %i> ■ I n particular | 1 1 J^+ai 1 1 1 = 1 1 \ \ \ ■ 

II. If 4> £ D{£)\oc H -^oo(AT : R) and F is a normal contraction then F o ^ G P(£)i oc fl 
L 00 (X:R) and |||Xp ^||| < |||X^|||. 

III. If A,B are measurable subsets of X , M G [0, d(A;P)] fl R and e > then there is 
aip G P (£) swc/i &trf < ijj < M, ip{b) = for a.e. b G B and ijj(a) > M — e for 
a.e. a & A. 

Proof Let <p G D(£) n L^X : R). There exist fxG P(£) n ^^(X : R) such that 
■^Upp^ = V'lsuppv and xlsupp^ = 1- Then the locality of £ implies that 

%+xt{v) = X^ +A >) = £{$ + \x)<P, i + Ax) - 2" 1 5(^ J $ + A X ) 2 ) 
= £$<p,$) + A ^) - 2- 1 ^ 2 ) - 2£(p, A $ x)) 

This proves Statement HJ 

If F is a normal contraction on R then Tp ^(ip) < T^(ip) for all (p,ip & P(£)nLoo(X: R) 
with 9? > by BoH] Proposition 1.4.1.1. Then Statement ITT1 is an easy consequence. 

Finally, there exists a t/> G D (£) such that d^(A ; P) > M — e. We may assume that 
|P| > 0. Then V (ip + ^||oo) A M satisfies the required conditions. □ 

Proof of Theorem 11.31 The implication HbjlTl is now immediate. Let P C A c , A' C A 

and suppose that A' and P have finite measure. Then (S^l^/, t B ) = for one t > by 
assumption and for all t > by Lemma [4. 11 Hence (Sttp,ip) = for all t > 0, ip G -^(A) 
and ^ e P2(-4 C ). Thus 5 t P 2 (A) C L 2 (A) for all t > 0. 
The converse implication ILTbUl is obvious. 

Next we prove the implication ITTb lTTTl For all ip: X — > C set tp = t A <f- Then Ip G D(£) 
and £(if),(p) = £(i/;,ip) = £(i[),<p) for all ip,ip E D(£) by [ERSZJ, Lemma 6.3. Hence 
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2~(p) = £(ipLp,?p) - 2- 1 £(p,ip 2 ) = Tj,(lp) for all (p,ij; G D(£) n L^XiR). Therefore, if 

ij) G D(£) loc HL^X: R) and y? G £>(£) n L^X : R) then $ G £)(£)i oc n : R) and 

X^(v?) = T$(0). But X t = by Lemma 14 . 2ill since £ is local. So Z 1a (</?) = = 1t{0) = 
for all 9? G £>(£ ) n L^ C (X : R). So |||T 1a ||| = 0. Then d(A;A c ) = oo. 



The implication IIIII = HIVI is trivial. 

Finally suppose that IIVI is valid. Let 5 G (0, oo) such that 25 < d(A;A c ). By 
Lemma 14.211111 there exists a tp G D(S)\ oc fl Loo(X:R) such that ?/>(&) = for a.e. b G A c 
and ^(a) > 5 for a.e. a & A. Then 1^ = V (i^" 1 ^) A 1 and since x \— > V i A 1 is 
a normal contraction it follows from Lemma 14.21111 that 1 A G D(S)\ oc fl L^X : R) and 

III^iaIII ^ < °°- 

Now let (p G D(£). It follows from Lemma 13.41 that l^t^ G D(£). Then also l^c G 
D{£). For all t > one has by Theorem 11.21 that 

r 1 ^, (/ - s t )(i A c ^))| = r 1 s t (t Ac <p))\ 



Hence 



and 



S(l A (p,± Ae ^) = limr 1 (l^,(/-S t )(l A c (p)) = 



£{cp) = £{± A ip)+£{± A ccp) . 
Then [ERSZ , Lemma 6.3, implies that|H]is valid. □ 

Note that the above proof shows that the equivalent statements of Theorem 11.31 are 
also equivalent with the statement 1 A G D(£)\ oc fl Loo(X:R) and |||X lA ||| < oo. 

Example 4.3 Let 5 G [0, 1) and consider the viscosity form h on H d with d — 1 and 
coefficient en = c$ where 



c s (x) 



x 2 



1 + x 2 . 

Then h((p) = J \ip'(x)\ 2 c$(x) for all if G C£°(R), the form h is closable and its closure 
is a Dirichlet form. If S is the semigroup generated by the operator associated with the 
closure and if 5 G [1/2,1) then S t L 2 (— oo,0) C L 2 (— oo,0) and S t L 2 (0, oo) C L 2 (0, oo) for 
all t > by [ERSZJ, Corollary 2.4 and Proposition 6.5. The assumptions of Theorems 11.21 
and 11.31 are satisfied and d(A ; B) = oo for each pair of measurable subsets A C (— oo, 0) 
and B C (0, oo). Note, however, that the corresponding Riemannian distance 

d(x;y) = / dscs(s)~ 1/2 



is finite for all x, y G R. Therefore the Riemannian distance does not reflect the behaviour 
of the semigroup. 

5 Distances 

In this section we derive various general properties of the distance d^ £ \- ; •) and give several 
examples. 
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Let £ be a local Dirichlet form on L 2 (X). If A% C A 2 and -B are measurable then 
<h(A! ; B) > dj,(A 2 ; B) for all ip G Loo(X). Hence ; S) > d(A 2 ; B). Also <^(S ; A) = 
d-i,(A ; B) for all ip G Loo(X). So d(4 ; B) = d(B ; A) and d(A ;B 1 )>d(A; B 2 ) whenever 
B\ C i? 2 are measurable. Next we consider monotonicity of the distance as a function of 
the form. 

If h\ and h% are two strongly elliptic forms on R d and h\ > ft,2 then the corresponding 
matrices of coefficients satisfy C« > . Therefore (C^)- 1 < (C^) -1 . Hence the 
corresponding Riemannian distances satisfy di(x ;y) < d 2 {x ; y) for all x, y G R . Thus the 
order of the forms gives the inverse order for the distances. One can establish a similar 
result for general Dirichlet forms and the set-theoretic distance under subsidiary regularity 
conditions. 

Proposition 5.1 Let £ and T be local Dirichlet forms with £ < T . Assume 1 G D(T)\ oc , 
the space D(F) D L ODfi {X') is a core for D{£) and for each compact K C X there is a 
X G D{F) H Lao^yX : R) suc/i £/ia£ < x < 1, x\k = 1 «^ ||Mx III < 00 ■ ^ en 

/or measurable A,B CI, 

Proof It suffices to prove that |||Zi ||| < HIZS^IH for each ip G D{T)\ oc n £oo(X : R) 
because the statement of the proposition then follows from the definition of the distance. 
If ip,cp G D(T) n Loo(X : R) with 9? > then J^\(p) < by Proposition EH 

Therefore lf\<p) < l!f\<p) for all ip G D(F) loc n Loo(X:R) and y> G -D(JF) n L^XiR) 
with <p>0. Fix ^ G D^iocnLoo^iR). 

If |||Z^ HI = 00 there is nothing to prove, so we may assume that |||X^||| < 00. 

It follows as in the proof of Lemma 13.41 that 

£(^<if\^ + \moo£^) l/2 

<if\v 2 ) 1 ' 2 + Moc£&) 1/2 < |||xf } ||| |M| 2 + Moc£&) 1/2 

for all ip G D(T) fl Loo jC (X : R). Since £ is closed and D{!F) fl Loo iC (X) is a core it then 
follows that ip(f G D(£) for all ip G D{£) and 

^) V2 < III^IH ||^||2 + HVlloo^) 172 

for all <peD(£). 

Let ifo G -D(£) PI Loo )C (X : R). By assumption there exists ax 6 -D(^ r ) H Loo >c (X : R) 

such that < x < 1 5 x|sup PW = 1 an d lll^x III < 00 • Then by the above argument with 
ip replaced by x one deduces that 

£(xv) 1/2 < lll^lll y\\ 2 + £(v) 1/2 

for all G D(£). There exists a ip G -D(£) fl Loo(X:R) such that ip\ suppx = V'lsuppx- Then 
there is a c > such that 

ffi?(xv>)\ = \*T (xv)l <S^) l / 2 £^x^) 1,2 + 2- 1 £^ 2 ) 1 ' 2 £{xv) l/2 
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<c(£(<p) 1 " + 



uniformly for all <p G D(£) fl L^^X :H). Since the space Di^F) fl Loo )C (X:R) is dense in 
D{£) there are (fi, (p 2 , . . . G D^J 7 ) fl L 00jC (X : R) such that lim^^H^o — fn\\2 + £(y?o — 
(p n )) = 0. Then 

hm Xf ( X <Pn)=Z { f (xfo)=lf W • 

n— >oo v r r 

On the other hand, 

&f\x^n)\ < |||^ HI ||X¥>n||l < lll^lll II V^O || 1 + lll^lll ||X||2 11^0 - <Pnh 

for all n G N. Taking the limit n —>■ oo gives \T^\<po)\ < lllZ^ ||| ||v?o||i- The required 
monotonicity of the norms is immediate. □ 

One can apply the proposition to a general elliptic form h as in (JT|) to obtain a lower 
bound on the distance. Then the viscosity form /i satisfies ho < h < \\C\\ I where I is the 
form associated with the Laplacian. Therefore 

d {ho \A;B) > \\C\\- 1/2 d {l \A;B) 

for all measurable A, B C R d . Alternatively if h is a strongly elliptic form then there is a 
/i > such that C > and /W</i<||C||Z. It then follows that ; •) is equivalent to 
the distance d"\- ; •). Specifically, 

\\C\\- 1/2 d {l) (A;B) < d w (A;B) < ^ 1,2 d {l \A ; B) 

for all measurable sets A and B. 

In the case of the Laplacian one can explicitly identify the distance. 

Example 5.2 If A and B are non-empty open subsets of R d then 

d {l) (A;B) = inf inf \x - y\ . (9) 

First, observe that if <p,if) G D(Z) n Loo(R d :R) = W^ 1 ' 2 n Loo(R d :R) then 

jJ ) (^) = (V(^),V^)-2- 1 (V^,V(^ 2 ))= / dx^(a;)|(V^)(x)| 2 . 

rl,2 



Secondly, let ip G W£ c n (R d : R) and if C R d compact. Choose ^ G W 1 ' 2 n I ra such 



that = $\k- If lll^i !!! < 1 then 



^(*)|(V^)(*)| 2 = / dxtp{x)\{V$){x)\ 2 =|2i ,) (^)| = |^)|<|M|i 

K 



"4, vt'-'I 1 ^ 



ixx' i^xj | ^ v yxj 1 2 

'if 

for all (p G TV 1 ' 2 n L 00 (R o! : R) D Li with supp^ C Therefore sup xeX |(V-0)(^)| < 1 
uniformly for all K and ip G IV 1 - 00 . Thus D„(0 = G W 1 ' 00 (R d :K) : || V-0||oo < !}• But 
it is well known that 

\x-y\=su V {\i/;(x)-i/;(y)\ : W 1 ' 00 ^ : R) , ||W||oo < 1} 
(see, for example, |JeS2j . Proposition 3.1). Then follows immediately. 



15 



The next proposition compares forms under a rather different regularity assumption. 
We define D(F) to be an ideal of D{£) if D(F) C D{£) and 

(ptT^nL^X-.TL)) ^(^ni^XiR)) C ( J D(^) loc nL 00 (X:R)) . 

Note that if 1 € _D(.F) loc and if D(T) is an ideal of D{£) then 

V = i^e (D(^) 1 o C nL 00 (X:R)) (D^ni^XiR)) c (c^^n^^iiR)) 

for all ij G fl Loo ;c (X : R). So D(F) loc n Loo ;c (X : R) = D(5 )i oc fl L^X : R). 

Proposition 5.3 Let £ and T be local Dirichlet forms such that £ < J- ' . Assume 1 G 
D(F)\ oc , £/je space D^J 7 ) is an ideal of D(£) and Di^J 7 ) fl L 00jC (X) zs dense m Li. T/ien 

< d {£ \A;B) 

for all measurable A,BcX. 



Proof It follows from the definition of the distance and Lemma 14.21 that it suffices to 
-tp III — lll x v 



prove that < for all positive ifj G D(jF) loc n Loo(X:R). 



First, one has again 2^\ip) < (<£>) for all ip G -D(jF) loc fl L^X : R) and (p G 
D{F) n L^^XrR) with <p > 0. 

Fix a positive ■?/> G Z)(jF) loc R Loo(X:R). If |||Z\ ||| = oo there is nothing to prove. So 

we may assume \\\-Ll \\ \ < oo. 

Since 1 G -D(jF) loc it follows that 1 G _D(£)i oc . It then follows from Lemma [4.21 that 

%f(<p) = ZZUbp) = 4 ^)v,((i + V0*0 

for all y> G D(£) fl Loo ;c (X:R) by the Leibniz rule. But (1+V>)y e ^(^)ioc n Loo ;c (X:R) 
by the ideal property. Therefore 

Jf (^)<4J ( { f^ )1/2 ((l + ^V) 

for all positive (p G -D(£) PI L 00)C (X:R). Hence 

I Iff III < 4(1 + Halloo) lll^ )1/2 lll < 4(1 + Halloo) |||2f } ||| 

where the last inequality follows from Lemma 14.21111 In particular HlZ^ ||| < oo. 
Finally, since 1 1 \Z1 \ \ \ < oo one has 

$?\<p)\<%?\\<p\)< llfflll IMIi 

for all (p G D{£) nL 00jC (X:R). But then there is a V G such that HTH^ = |||xi^||| and 
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for all <f G D{£) n L^X-.R). Therefore 



^fMi < i^d^Di < ffipmi ^ iii^iii Mi 



for all ip G D(JF)nL 00jC (X:R). Since the latter space is dense in L\(X:R) one deduces that 

||r||oo < 1 1 1^1 III- Hence |||xi ||| < |||X^|||. The required monotonicity of the distances 
is immediate. □ 

The proposition allows comparison of elliptic operators with different boundary condi- 
tions. 

Example 5.4 Let X be an open subset of R d . Define the forms of the Neumann and 
Dirichlet Laplacians on L 2 {X) by h N (ip) = \\Vip\\l with D(h N ) = W 1,2 (X) and h D (ip) = 
\\V<p\\l with D{h D ) = Wq' 2 (X). Then h N < h D , 1 G D(h D ) loc , D(h D ) is an ideal of D(h N ) 
and D{h D ) fl L oo c (X) is dense in L\{X). Therefore one deduces from Proposition 15 .31 that 
S hD \A;B) < S hN \A;B) for all measurable A,B <Z X. Note that Proposition O does 
not apply to this example since W^ ,2 (X) fl L^^X) is not a core for D{h^). 

The argument used in Example 15.21 allows one to identify the distances associated with 
fix and hp with the geodesic distance in the Euclidean metric. In particular the distance 
is independent of the boundary conditions. 

Example 5.5 Let X be an open subset of R d and A, B non-empty open subsets of X. If 
X is disconnected then $> hxi \A ; B) — oo = d^ hD \A ; B) whenever A and B are in separate 
components by Theorem 11.31 Hence we may assume X is connected. 
Next if if), ip G W l ' 2 (X) n Loo(X:R) then by direct calculation 

4^ ) (^) = (V(^),V^)-2- 1 (V^V(^ 2 ))= / dxy{x)\{Vij)tx)\ 2 . 

J x 

Therefore if ip G W x ' 2 {X) loc n L^pT : R) and |||2j, M ||| < 1 one finds as in Example O 
that ip G W^iX-.R) and ||V^|U < 1- Hence S- hN \A ; B) = mf xe A !yeB d(x ; y) where 

d(x;y) = sup^x) - : W^X-.R) , ||W||oo < 1} • 

But this is the geodesic distance, with the usual Euclidean metric, from x to y. A similar 
conclusion follows for d^ ho ^ by replacing W 1,2 by W ' 2 in the argument. This replacement 
does not affect the identification with the geodesic distance. Therefore in both cases the 
set-theoretic distance between the sets is the geodesic distance in X equipped with the 
Euclidean Riemannian metric. 

The definition of the distance in terms of the space D(£)\ oc gives good off-diagonal 
bounds but it is somewhat complicated. One could ask whether it has any simpler char- 
acterization in terms of D{£). One obvious choice is to set 

d[(A;B) = sup{t^(A;S) : if; e D x {£)} , 

for all measurable A,BCX with A, B compact, where 

D 1 (£) = G D{£) nLoopTiR) : \\\%\\\ < 1} . 
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Then one sets 



df\A ;B) =d 1 (A;B) = M{d[(A ; .Bo) : A C A, B C B and A , B are compact} 

for all measurable A,B C X. Note that = ^(A;^) if A, S are compact. It 

follows that in general d (£) (A;B)> d{ £) (A ; B) but one can have a strict inequality. 

Example 5.6 Let £ be the form associated with the second-order operator —d 2 /dx 2 with 
Dirichlet boundary conditions on the interval (0,1). If A = (0, a) and B = (6,1) with 
< a < b < 1 then the boundary conditions ensure that d^{A e \ B £ ) < 2e for all ip G 
D(£) fl Loo((0, 1) : R) and small £ > 0, where v4 e = (e, a) and _B e = (6, 1 — e). Therefore 
tZi(A;S) = 0. But ifV(x) = 0V(a;-a)A(6-a) then ^ G D (£) and d(A;B) > d^(A;B) = 
b — a. 

The two distances are, however, often equal. 

Proposition 5.7 Let £ be a local Dirichlet form on L,2(X). Suppose that for all compact 
K and e > there exists a x G -D(£) fl Loo >c (X : R) suc/i that < x < 1, x\k = 1 owei 
1 1 \I X \ 1 1 < e. Then d(A ; B) = d\(A ; B) for all measurable A,BCX with A, B compact. 

Proof We have to show that d(A;B) < di(A;B). Let M G [0, oo) and suppose that 
M < d(A ; B). Let e G (0,1]. By Lemma 14.211 1 II there exists a ijj G D (£) such that 
d$(A ;B) > M — e and Halloo < M. By assumption there exists a x G D{£) fl L OC}C (X:'R) 

such that < x < 1) xIaub = 1 an d 1 1 l^xll I < ^ Then x4> £ H £oo(A : R) and it 

follows from Lemma that 

infill < (i + 5) llxOfolll + (i + *~ 1 ) HVCIlfell 

for all 5 > 0. Choosing 5 = e gives 

1 1 fell I <(!+£) + (l + e _1 )MV < l+e(l + 2M 2 ) . 

But d xV ,(A ; 5) = d^(A ;B)> M - e. So d x {A ; B) > (1 + e(l + 2M 2 ))~ 1 (M - e). Hence 
d\(A; B) > M and the proposition follows. □ 
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